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Abstract 



We derive a weighted L 2 -estimate of the Witten spinor in a complete Riemannian 
spin manifold (M n , g) of non-negative scalar curvature which is asymptotically Schwarz- 
schild. The interior geometry of M enters this estimate only via the lowest eigenvalue 
of the square of the Dirac operator on a conformal compactification of M. 

1 Introduction 

Since Witten's proof of the positive mass theorem [201 11T|, [3] . spinors have been a valuable 
tool for the analysis of asymptotically flat manifolds; see for example [8, 10] or the integral 
estimates of Riemannian curvature [H G3 EJ- These last estimates have the disadvantage 
that they involve the isoperimetric constant, which depends on the geometry in the interior 
(i.e. away from the asymptotic end) and is therefore in most situations not known. In order 
to get curvature estimates which do not involve the isoperimetric constant, one needs better 
control of the Witten spinor. This was our motivation for looking at weighted integral 
norms of the Witten spinor. In order to concentrate on the role of the interior geometry, 
we chose the geometry in the asymptotic end as simple as possible: as the Schwarzschild 
metric. Thus the question under consideration is to which extent the unknown interior 
geometry can affect the behavior of the Witten spinor in the asymptotic end. In this 
paper, we quantify this effect by an integral inequality. We find that the effect of the 
interior geometry on a suitable weighted L 2 -norm is described purely in terms of the 
lowest eigenvalue of the square of the Dirac operator on a conformal compactification 



To be more specific, we now describe the problem and our main results in the most 
familiar and physically most interesting case of dimension three. Thus let (M 3 ,g) be a 
complete Riemannian manifold of non-negative scalar curvature which is asymptotically 
Schwarzschild, i.e. the metric in the asymptotic end is 



where go is the Euclidean metric, and r = \x\ is the Euclidean norm of x £ R 3 . The 
Witten spinor is a solution of the massless Dirac equation which at infinity goes over to 



of M. 




* Supported by the Deutsche Forschungsgemeinschaft within the Priority Program "Globale Differen- 
tialgeometrie" . 



(M,g) 




Figure 1: The asymptotically Schwarzschild manifold (M,g) and its conformal compacti- 
fication (M, g). 



a constant spinor i/jq with HV'oll = 1- More precisely, a Witten spinor ip has the following 
asymptotics at infinity, 

m \ 

2r J f u 1 i f' 



m = (i + -) ^ + o[- 2 ). (1.1) 



This asymptotics is used in [20, 17] for the proof of the positive mass theorem. In order 
to get an estimate of the error term, we point compactify the manifold with a conformal 
transformation of the form 

9 = A 2 g, 

in such a way that the geometry of K remains unchanged, the scalar curvature stays non- 
negative, and the compactification of the asymptotic end is isometric to a cap C C 5" 
of a sphere of radius a (for an illustrating example see Figure [1]) . Then the compactifi- 
cation (M,g) is a closed manifold of non-negative scalar curvature, and it is clear from 
the Lichnerowicz-Weitzenbock formula that the square of the Dirac operator on M is 
positive, V 2 > 0. Since the scalar curvature is strictly positive in the spherical cap, we 
even know that the lowest eigenvalue is non-zero, infspec(P 2 ) > 0. Moreover, using 
methods of spin geometry, it is possible under various geometric conditions (for example 
involving only scalar curvature) to bound the lowest eigenvalue of u 1 from below (see 
e.g. QTJ [12j [161 El 1] ) • Then the following inequality gives a detailed estimate of the 
Witten spinor. 

Theorem 1.1 There is a constant c independent of the geometry of K such that 



\ip\\ 2 duM + 
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A dfiM < 



inf spec(P 2 ) 



In the course of proving this theorem, we derive an identity involving Witten spinors, 
which is of some interest in its own, as we now explain. We choose an orthonormal 
basis (ifio i)i=i ... 4 of the spinors at infinity and consider the corresponding family of 
Witten spinors, 

PVi = 0, lim ^ i (x)=ipo ! i (i = l,...,4). (1.2) 
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We let G and Gg3 be the Green's functions of the square of the Dirac operator on M and 
the sphere respectively, and denote their integral kernels by G(x,y) and G S 3(x,y). 
The next theorem expresses the weighted L 2 -norms of the Witten spinors (|1.2p in terms 
of the difference of these integral kernels, with an explicit error term. 

Theorem 1.2 The Witten spinors satisfy for sufficiently large R the identity 

2 
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A d/j, M 



64vrV 4 lim Tr(G(n, y) - G s s (n, y)) 
+4/ -Jfl- _ 4 / U + ^Yxd'x, 



Jb r {o) a<1 + r2 JB R (0)n(M\K)\ 2r ' 

where d?x is the Lebesgue measure on R 3 . Here we assume that the asymptotic end M\K 
is diffeomorphic to R 3 \ B p (0) and work in the corresponding chart. 

This equality clearly gives finer information than the inequality of Theorem 11.11 The 
interesting point is that the interior geometry enters only via the Green's function G. We 
learn that the influence of the interior geometry on the weighted L 2 -norm is described 
precisely by the behavior of G(n, y) as y — » n. 

In this paper, we prove the analog of Theorem 11.11 and Theorem ll.2l in general dimen- 
sion. For the proof we work as in [5] with the spinor operator, which is composed of a basis 
of Witten spinors (II. 2p . Our first step is to get a connection between the conformally trans- 
formed spinor operator and a quadratic expression in the Dirac Green's function on M 
(see Section [3]). In Section |4] we find that, after subtracting suitable counter terms, we 
can integrate this expression over M to obtain the Green's function G of the square of 
the Dirac operator minus suitable counter terms. Then our task becomes to analyze the 
behavior of G near the pole n of the spherical cap. This is done in Section [5j where we 
estimate the difference of G and the corresponding Green's function on the sphere using 
Sobolev techniques. In Section [6l we compute the Green's functions on the sphere explic- 
itly. Finally, in Section [7] we combine the results of Sections [3] and H] to obtain an identity 
for an integral of the trace of the spinor operator (Theorem 17. ip . Using a positivity argu- 
ment together with the estimates of Sections [5] and [H we then conclude our main results 
(Corollary 17.41 Theorem 17.51 and Corollary I7.6P . 

We finally remark that our methods work similarly also for harmonically flat manifolds 
(see [19] for the definition), except for Lemma 17.31 where an angular dependence of the 
function A would lead to a "mixing" of the angular momentum modes, making the situation 
more complicated. Since we did not find a simple argument to overcome this problem, 
we here restrict attention to a Schwarzschild end. A generalization to harmonically flat 
manifolds would be desirable in view of the fact that the metric of every asymptotically 
flat manifold can be made harmonically flat by an arbitrarily small perturbation [19] . 



2 The Conformal Compactification 

Let (M n ,g) be a complete Riemannian manifold of dimension n > 3 with non-negative 
scalar curvature. For simplicity, we assume that the manifold has one asymptotic end 
which is isometric to Schwarzschild. By rescaling, we can assume without loss of generality 
that the ADM mass is equal to two. 
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Definition 2.1 A complete Riemannian manifold (M n ,g) of dimension n > 3 is said to 
be asymptotically Schwarzschild if there is a parameter p > 0, a compact set K C M 
and a diffeomorphism 

(ft: M\K ^R n \ B p (0) 

such that 

4 

1 \ ^2 

1 + w^J 90 ■ (2 - 1} 

Here B r (0) denotes an open Euclidean ball in R n ; and go is the Euclidean metric on M n . 

In the asymptotic end it is most convenient to work in the chart ((ft, M \ K); we use the 
notation 

r(x) = \<ft(x)\ for xeM\K. 

The metric (|2.ip is obviously confer mally equivalent to the Euclidean metric. Moreover, 
the Euclidean W 1 is conformal to a sphere 5" of radius a with the north pole removed. 
This is is seen explicitly in the usual chart obtained by stereographic from the north pole, 
where 

98S = (^72 J • (2.2) 

Therefore, we can arrange by a conformal transformation that the asymptotic end is 
isometric to the cap of a sphere of radius a with the north pole removed. Furthermore, 
we want to keep the metric inside K unchanged, and we want to preserve the positivity 
of scalar curvature. In the next lemma we construct a function A such that the conformal 
transformation 

g = X 2 g (2.3) 
gives us a metric with the desired properties. 

Lemma 2.2 There is a function A € C°°(M) satisfying the following conditions: 

(i) v = 1 

(ii) For some radius R > p, 

_ 2 

(iii) The scalar curvature corresponding to the metric k2.°J\) is non-negative. 
More specifically, we can arrange that 

p < a < R < c(n) (p+l) (2.5) 
with a constant c which depends only on the dimension. 

Proof. It is more convenient to write the metric in the asymptotic end as g = p?go with 

2 
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Our first attempt is to define /U piecewise. To this end, we choose R* 
suitable constant C(n) and set 



p + C (n) with a 



fj, = jt(r(x)) 



1 + 



1 
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In order to make this function continuous at r = i?*, we let 



if r < R* 
if r > R t 



a 
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By choosing C(n) sufficiently large, we can arrange that the square bracket is uniformly 
bounded from above and below. In the region r < R*, the metric g coincides with g, 
whereas in the region r > it!*, g is the metric on S 1 ™. Obviously, in both of these regions 
the conformally transformed metric has all the required properties. Unfortunately, the 
function fi is not smooth at r = i?*. More precisely, a short calculation shows that the 
first derivative of [i makes a negative jump, i.e. 



lim n (r) 



lim a (r) 



< 0. 



As a consequence, the scalar curvature s corresponding to g, given by the formula 

Jl — 1 n + 2 n-2 

s = 4 a 2 Aa 2 

n — 2 

(where A = — V J Vj is the Laplacian in M n ) is positive at r = R* in the distributional sense. 
By mollifying fi(r) in a small neighborhood of r = we can thus arrange that s > 0. We 
finally set R = a + 1. ■ 



For clarity, we denote the manifold M with metric (|2.3p by (M,g). Then by (i), the 
manifolds M and M are isometric on K. By (ii), M is on ^> -1 (]R n \ 5^(0)) isometric to 
the cap of the sphere with the north pole n removed. We denote the geodesic distance 
from the north pole by d, 

d : S£ R+ (2.6) 
and let -B s (n) be the geodesic balls of radius s around the north pole. Then 

(f)~ 1 (R n \ B R (0)) (S 5 (n) \ {n}) C S% with 5 = 2a arctan ^) . 

We now compactify M by adding the north pole. The resulting manifold, denoted 
by (M, g), is called the conformal compactification of (M,g). For r > R we set 

C r = (y>-i(K»\fl r (0)),5) C M . 

We also identify C r via the isometry of the stereographic projection with a closed subset 
of S 1 ™. We refer to the set C = Cr as the spherical cap of (M,g). We always identify it 
with the set B s (n) C S™. 

We remark that there are also conformal compactifications with the above proper- 
ties (i)-(iii), for which a is arbitarily large, thus violating (|2.5p . However, such conformal 
compactifications do not seem to give good estimates of the Witten spinor, and we shall 
not consider them here. 
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3 The Spinor Operator and the Dirac Green's Function 



From now on we need to assume that (M, g) is a spin manifold. This assumption is no 
restriction in dimension three, whereas in general it poses a constraint for the topology 
of M. As a consequence, the manifold M is also spin. In fact, taking out the point n 
and performing a conformal transformation, every spin structure on M induces a spin 
structure on M . We fix corresponding spin structures on M and M throughout. 

We let E and E be conformally equivalent spinor bundles over (M, g) and (M, g) and 
denote the corresponding Dirac operators by T> and T>. According to |X3|. [TT] there is a 
fiberwise isometry E — > E, ip \—* ip such that 

= X-H 1 (v(X^ip)). (3.1) 



In the coordinates induced by the diffeomorphism (p of Definition 12.11 we choose a family 
of constant spinors ^oi such that ^>oi> • • • jV'O iV> ^ = is an orthonormal basis in 

the asymptotic end M \ (p~ l (W l \ Br(0)) and consider the boundary value problem 

Vi/ji = , lim ipi(x) = -0o,i • (3-2) 



This boundary value problem was first considered in [20], its solutions are called Witten 
spinors. The existence and uniqueness of the Witten spinors was proven in [171 13]. They 
decay at infinity as 

^ = i> ,i + 0(r 2 - n ), drfi = 0{r l ~ n ), dkWi = 0(r- n ) . 

In [5] the spinor operator U x was introduced, which we now slightly generalize, using the 
following 

Notation 3.1 Let E\ — > X, E2 — > X be vector bundles over the manifold X. By 

E x M E 2 -> X x X 

we denote the vector bundle 

with the projections Hi : X x X — > A to i/ie i*' 1 factor. 

Definition 3.2 Lei tpi,. . . , f/jjy ^ e a family of solutions of \3.2\) . Then the spinor oper- 
ator II G T(E IEI E*) is defined by 

N 

1=1 

This definition reduces to the spinor operator as used in [5] if x and y are equal, 

IL(x) := U(x,x) : E^ — >• E^ . 
From the boundary values (|3.2h it is obvious that 

lim II(x) = 1 . 

|a>|— »oo 

When considering conformal transformations of the spinor operator, we must keep in mind 
that the transformed Witten spinor should again be a solution of the Dirac equation. 
According to (|3.ip . this leads us to the following definition. 
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Definition 3.3 On the manifold (M,g) with g = X 2 g we define the conformally trans- 
formed spinor operator IT € T(S M £*) by 



N 

TL(x,y) := \^r(x) X^r(y) ^(My), .)$i(x), 

i=i 

where ipi, . . . , tpN are the solutions of \3. 2\) . 

In Euclidean space, the Witten spinors are constant, and therefore II(x) = 1. Applying the 
above definition to the metric (|2,1|) . we obtain for the spinor operator H^ch i n Schwarzschild 
the explicit expression 

n Sch (x) = (l + n ~ 2 Is. . (3.3) 

In the remainder of this section we will establish a connection between the conformally 
transformed spinor operator on (M,g) and the Green's function of the Dirac operator. 

Definition 3.4 Let X be a spin manifold and A the diagonal of X x X , 

A = {(x,x) with x £ M} C X x X . 

We let Sx be a smooth section in the bundle S M Y>*\({X x X) \ A), 

S x : X x X \ A — > Tjx Kl X^, 

and also consider Sx as the integral kernel of a corresponding operator acting on the 
compactly supported, smooth spinors on X by 



(S x i>)(x) = / S x (x,y)ip(y)dy . 
Jx\{x} 

Sx is called the Green's function of the Dirac operator V on X if it satisfies the 
distributional equation 

T^x,xSx(x,y) = S(x,y) . 
This distributional equation can be stated equivalently by the condition that 

S x (x,y)V x iP(x)d n x = j>(y) 

x 

for all compactly supported, smooth sections in the spinor bundle. As is easily verified by 
a direct computation, the Green's function on M n with the Euclidean metric is given by 

S«.n(x,y) = — — ir , (3.4) 

^n-l \x - y\ n 

where u> n -\ is the volume of S 1 " -1 . The Green's functions of conformally flat spaces can be 
computed using the following transformation law for the Green's function under conformal 
changes. 

Lemma 3.5 Let (X,g) and (X,g) be two manifolds with conformally equivalent metrics, 
g = X 2 g. Then the corresponding Green's functions S and S are related by 

1— n . . 1— n 

S x (x,y) = A 2 (x) A 2 (y)S x (x,y). 
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Proof. Let S be the Green's function of the Dirac operator (X, g), i.e. 

V x I S x (x,y)^(y) dy = ip(x) . 

J X 

Then from (1331). 



and thus 



% ( A Sx(x,y) A 2-(y)A ^(y)ip(y) dy\~ = A ^(x)V>0) , 

where P and dy denote the Dirac operator and the volume element on X , respectively. 



Theorem 3.6 Let (M, g) be an asymptotically Schwarzs child manifold and (M, g) its con- 
formal compactification. Then the conformally transformed spinor operator II and the 
Green's function of the Dirac operator on (M,g) satisfy the following identity, 

U(x,y) = ^_ 1 (2^ 2 r- 1 % / (x,n)%(n,y), 

where n 6 C C (M,g) is the north pole in the spherical cap of the compactification. 

Proof. Let B £ (n) C C be a ball of radius e around n, e < S. Then 

r N r 

/ n(x,y) (f)tp) (y) dy = V / div Vr , (x) dx ipi(y) 

JM\B e (n) V ' ^ JM\B e (n) vm 

N 



yZ (?p,n e ■ ipi)(x) dx i>i(y) 



(n-1) ~ 

where ipi = A 2 • ^ and n £ is the outer normal on dB £ (n) . Here the vector field V^, ^ 
is defined by 

(n-l) 

Similarly, we obtain 

/ f (vfalx^Uix^Vfrty)) dxdy (3.5) 

JM\B E (n) JM\B e ,(n) N ' 

= / (tpi,n e ■ Tpi)(x) dx) ■ [ (n £ > ■ ipi,(p2)(y) dy . (3.6) 

~T V ^9B ff fn) x 7 / \JdB„,(n\ x 7 / 



i=l 



In order to investigate the limit e — > 0, we consider the trivialization of the spinor bundle 
in a neighborhood of the north pole given by stereographic projection from the south pole 
— n. The change of the charts of S"\(nU — n) given by the stereographic projections from 
the north and south pole is given by ui(x) = °~ 2 j^z with differential dui x {v) = jfpS^jfy)^ 
where S{-^) denotes the reflection at (M-a;)- 1 . Thus, for an orthonormal basis (ei, . . . , e n ) 
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of W 1 , the vector fields e, : M n \ — > M. n , x i->- - 2 Ja ^(jfr) ej are extendable to the sphere 
S*™ \ (— n) as orthonormal vector fields. The lift of G O(n) to Pin(n) is given by 

Clifford multiplication with A = ^rpup dp p -i^ (n £ ) for a; S /)(i? e (n)), and therefore the 

Clifford products (n e • '0i)i=i l ... ) jv are extendable to the north pole as orthonormal basis 

$0,1 (*)>••• >V"o,2lf]( n )- 

From the asymptotic behavior of the solutions of (|3.2|) it follows that 

n £ {x)4i(x) = {2a 2 ) 1 -^ 1 r'{x) l ' n -^ i (n)+0(\r'(x)\ 2 ~ n ) with (^(n), ^(n)) = <%, 

where (r', CI) : S 1 " — > 1" denotes the coordinates of the stereographic projection from the 
south pole. Therefore, 

lim f (0(x),n e -4>i(x))dx = lime 1 - n (2a 2 ) Ii T i vol(^- 1 ) (^(n),^(n)) + O(e) 

£ ^°JdB £ (n) 

= cj n _i(2o- 2 )V ((p(n),4> ,i{n)) • 
Now we can in (|3.5|) take the limit e — > to obtain 

/ (^(aO.nfoy) £p 2 (l/)) cte = (2a 2 )"" 1 (^i(tt),^(n)> • w 2 _! 

JMxM n ' 

= (2a 2 )"- 1 / (%(n,s)£^iOr),%(n,y)£p 2 (j/)) dzdyu, 2 ^. _ 

JMxM x ' 



4 The Green's Function of the Square of the Dirac Operator 

Let us outline our strategy. Our goal is to derive weighted L 2 -estimates of the Witten 
spinors. Since the spinor operator is composed of the Witten spinors (see Definition I3.3H . 
the expression 

/ Tr n(x) dx 
Jm 

is of interest, where "Tr" denotes the trace on the iV-dimensional vector space T, x (for 
details see Section [7]). Using the formula from Theorem 13.61 and the cyclicity of the trace, 
we are led to the integral 

/ S M (n,x) Sm(x,xi) dx . (4.1) 
Jm 

If the last argument of the second factor S M were different from n, we could immediately 
carry out the integral, 

/ S M (n,x) S M (x,y)dx = G(n,y) (y^n), (4.2) 

JM 

where G denotes the Green's function of the Dirac operator squared, 

V 2 x G(x,y) = 5(x-y). (4.3) 

This simple argument suffers from the problem that the integrals in (|4.ip and f|4.2j) diverge. 
Namely, since the order of the pole of S M is expected to be the same as in Euclidean 
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space (|3.4|) . we find that the product of the Green's functions should have a non-integrable 
pole of the form 

S M (n,x) S^(x,n) 



d 2n-2 ' 

where d denotes the geodesic distance from the north pole (|2.6p . Despite this problem, 
one can hope that the above argument works if suitable functions are subtracted from the 
integrands in order compensate the singularities. This leads us to conjecture a relation of 
the following form, 



/ 

J A 



S M (n, x) S m (x, n) — (counter terms) I dx = lim (G(n, y) — (counter terms)) . 

In order to specify the counter terms, we let 

Xs ■= Xc 

be the characteristic function of the spherical cap. Now we take the Dirac Green's function 
of the sphere and multiply it by x&i so that it is supported inside the cap C around the 
north pole. Using the isometry with the spherical cap of M, we can lift S$ to M, 

S s : MxM\A -» E M M with S 5 (x,y) = Xs{x) S ss (x,y) X s(y) ■ 

Finally, we set 



G s (y) = / S s (n,x)S s (x,y)dx. (4.4) 

Theorem 4.1 The Dirac Green's function S on the compact manifold (M,g) satisfies the 
relation 

/ (S^(n,x) Sm{x,x\) - S s {n,x) S s (x,n)) dx = lim [G(n,y) - G s (y)] ■ 



In Section [6] the counter terms are computed more explicitly, see Lemma 16. 11 

The remainder of this section is devoted to the proof of the above theorem. For any 
V £ -6<5/4 ( n ) ; we introduce the function f y : M — > R by 

f y {x) = S M (x,y) - S s (x,y) . (4.5) 

Lemma 4.2 There is a constant c such that 

H/Joo < c for all y € Bs (n) 

4 

lim f v (x) = fn(x) uniformly in x G M. 

Proof. We let fi G C^°(1R) be a non-negative test function fi G C^°(M) with (j,,, ii = 1, 
< n < 1 and supp// C (—1, 1) and define the function 77 : S"™ — > R by 



where d is again the geodesic distance from the north pole (|2.6p . This function is supported 
inside the spherical cap and is identically equal to one in a the neighborhood B$/ 2 (n) of 
the north pole. For y G Bgu(n) we set 

5j,(x) = S M (x,y) -r](x) S s (x,y) . 
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Then 

Vg y (x) = -(grades)) S s ^(x,y) . 

Since the function gradr/ is supported in the annulus Bg(n)\B s / 2 (n), whereas y G 5,5/4 (n), 
and using that the Green's function on the sphere is smooth away from the pole x = y 
(see Section |6] for details), we conclude that T> g y G C°°(M). Applying standard elliptic 
regularity theory, we obtain that g y G C°°(M) and that it is uniformly bounded in y. 
Again using that Ss% is smooth away from the diagonal, we conclude that Ss(x,y) is 
smooth for x G Bs(n)\B S / 2 ( n )i an d is bounded uniformly in x and y. We finally note that 

fy(x)=9y(x) + {l-ri £ (x))S(x,y) . B 



Using (|4.5ft . we decompose the product of Green's functions as follows, 

S M {n,x)S Al (x,y) = %(x, n)* S M (x, y) 
= (Si(x,n) + /„(x))* (5 a (x,y) + /„(*)) 

= ^(n,x)5 5 (x,y) + / n (x)*,S 5 (x,y) + 5 5 (x,n)*/ 3/ (x) + / n (x)*/ s/ (x), (4.7) 

where again y G -65/2 ( n ) an d x G M. Let us analyze the x-integrals of the obtained 
expressions. The integral over the first term gives precisely G$, (|4.4p . For the last three 
expressions we can interchange the integral with the limit y — > n, as the next Lemma 
shows. 

Lemma 4.3 The following limits can be taken inside the integral, 

lim f f n (x)* S s (x,y) dx = [ f n (x)*S s (x, n) dx (4.8) 

lim / S s (x,n)* f y (x) dx = / S s (x, n) f n (x) dx (4.9) 
r*£v-*tiJM J M 



lim / f n {xf f y (x)* dx = / f n (x)f n (x)*dx. (4.10) 

Proof. The equations ()4.9|) and (|4.10j) follow immediately from Lebesgue's dominated 
convergence theorem using Lemma 14. 21 and the fact that the pole of the Green's function 
on the sphere is integrable (see Section [6] for details). The proof of (|4.8h is a bit harder, 
and we use the symmetry of Ss n on 5": Let tp y be an isometry on 5" with ip y (y) = n. 
Then, since the Lebesgue integral over S 1 " is invariant under if, 



f n (x)*S s (x,y)dx = / f n (x)*Ss(x,y)dx = / L (n )(x)*5 5 (x,n) dx . 
Now we can again apply Lebesgue's dominated convergence theorem, 
l im / fn(x)*S s (x,y) dx = lim / f (n) (x)* S s (x,n) dx 



f n (x)*Ss(x,n) dx = / f n (x)*S s (x,n) dx 
5" JM 
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We write (|4.7p in the form 

Sm(xi,x) Sm(x,v) - S 5 (n,x) S s {x,y) 
= F y (x) := f n (x)* S s (x, y) + S s (x, n)* f y (x) + f n (x)* f y (x) . 

According to Lemma 14.21 and Lemma 14.31 we niay commute the integral over x with the 
limit y — > n as follows, 

(S^(n,x) S^(x,n) - Ss(n,x)Ss(x,n)) dx 

M 

' lim F v (x) dx = lim / F v (x) dx 
= lim / (§M(n,x)S^(x,y) - S s (n,x)S s (x,y)) dx . 
This concludes the proof of Theorem 14.11 

5 Pointwise Estimate of G near the Pole 

In this section we shall estimate the quantity lim y ^ n (G(n,y) — Gs(y)) appearing in The- 
orem 14.11 The first difficulty is that that Gs is defined by an integral (|4.4p and is thus 
rather complicated; it would be more convenient to work instead with the Green's function 
on the sphere Gs%(n,y)- Therefore, we introduce the function Hg by 

Hs(y) = G ss (n,y)-G s (y). (5.1) 

This function depends only on the Green's functions on the sphere and can be computed 
explicitly (for details see Lemma 16.11 below). Thus it remains to control the difference 
of the Green's functions G and Gs%- First we need to localize the last Green's function 
inside the spherical cap, so that we can lift it to M. To this end, we multiply it with the 
function r] ()4.6p . which is supported inside the spherical cap and is identically equal to 
one in a neighborhood of the north pole. Then our task is to estimate the limit 

lim 7(2/) with j(y) := G(n, y) - rj(y) G s » (n, y) . (5.2) 

Our strategy is as follows. When we apply the Dirac operator squared to 7, the 
^-contributions cancel, 

%) := V 2 7 (y) = V 2 ( V (y) G S n(n,y)) - V (y) (v 2 G ss (n,y)) . (5.3) 

The resulting terms all involve derivatives of i] and are thus supported in the annulus | < 
d < 5, where Gs% is smooth (for details see Section [6|). We conclude that h € C^{C). We 
consider the equation 

P 2 7 = h on M (5.4) 

as an elliptic equation for 7. Standard elliptic regularity theory yields that 7 G C°°(M). 
Furthermore, the operator T> 2 is essentially self-adjoint on the Hilbert space L 2 (M) of 
square- integrable spinors with domain C°° (M) . According to the Lichnerowicz-Weitzenbock 
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formula and the fact that the scalar curvature is non-negative on M, we know that the 
operator u 1 is strictly positive, and we obtain 

ll7ll, 2( M) < ^ sp ^ 2) IHb(M) • (5-5) 

This L 2 -estimate is clearly not good enough, we need a pointwise estimate. The general 
method is to derive integral estimates for the derivatives of 7 and then to apply the 
Sobolev imbedding theorem. The Sobolev imbedding theorem on a manifold involves 
the isoperimetric constant (see e.g. [5]). The basic problem is that the isoperimetric 
constant on M depends on the unknown geometry in the compact set K and is therefore 
not under control. In order to bypass this problem, we shall always work with functions 
which are supported inside the spherical cap, so that we can use the Sobolev imbedding 
on S™. More specifically, we work with the Sobolev inequality [9] 

| 7 (n)| < sup|?? fc 7l < c s \\r] k 7\\ Hk ,2 iS n } for k > J . (5.6) 

Here c$ is the Sobolev constant on the unit sphere S n , and the Sobolev norm |].[|jyjfc,a(s»*) 
is defined by 



2 _ 

k with |ft|<fc 



V a 2 ^ n [ \\V K f(x)\\ 2 dx. 



We inserted the factor c 2 ' K ' _n for convenience; it makes the Sobolev norm invariant under 
scalings of a. 

It remains to get estimates for the Sobolev norms in (|5.6p . The next lemma shows 
that we can equivalently consider the L 2 -norms of higher powers of Dirac operator. 

Lemma 5.1 There is a constant c which depends only on n and the quotient 5/a (but is 
independent such that 

||^ +1 7llk^) < C X> 2 '-" \\V 1+1 &y\\b&) ■ (5-7) 
1=0 

Proof. Since both sides of the inequality have the same scaling in a, we may assume 
that a = 1. Using the Leibniz rule and the boundedness of r\ and its derivatives, we 
immediately get 

U+htm-^) < C E / l|V K (r/N +1 7 (^))|| 2 ^- (5.8) 

Thus it suffices to show that the right side of (15. 8j) is controlled by the right side of (|5.7p . 
We proceed by induction in k. For k = there is nothing to prove. Suppose that the 
inequality holds for given k. Then, by the Leibniz rule and the Schwarz inequality, 

H^^+SilV) = ll^ + V + %)llV) + 0-o.t), 

where "(l.o.t.)" stands for L 2 -norms of V K (r/l K l7) for lower orders |k| < k + 1. Using the 
induction hypothesis, we obtain 



fe+i fe+i 



c 1=0 



(5") • 
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The Lichnerowicz-Weitzenbock formula together with the fact that the scalar curvature is 
non-negative imply that D 2 > A. Hence, setting x = rj k+1 , 

Integrating by parts, of each Laplacian we bring one derivative on each side of the scalar 
product. Commuting covariant derivatives we pick up curvature terms, which are clearly 
bounded on S n . We thus obtain 

{A k+1 X J,Xl)ms") = Yl < VK X7,V K x7>L2(S") + (l-o.t.)- 

|«|=fc+i 

Again using the induction hypothesis, the result follows. ■ 



The L 2 -norms on the right side of (|5.7p can easily be estimated similar to (|5.5p . 

II / — |— 1 T\l ||2 1 1 T*\l l|2 

II 7 ? V l\\i?(S2) ~ H P ^Hi 2 (M) 

< \ iifjH-2 ii2 _ _ \ \\V l h\\ 2 

~ infspec(P 2 ) 2 " 7l| i 2 W infspec(P 2 ) 2 " " L2(5 " } ' 

Notice that the norm on the very right depends only on the geometry of the spherical cap. 
Combing this last estimate with (|5.6p and Lemma l5.1| we obtain the following result. 

Corollary 5.2 There is a constant c depending only on n and 5/o~ such that 

c o~ n 

lim j(y) < — . 

y^ n mfspec(P 2 ) 

Proof. Putting together the above estimates, we obtain 

k 

K Jli-n ||„/+1 <r\\..\ 

< Ca - Yo- 2l+n \\t> l h\\ 2 2(sn) . (5.9) 
" infspec(D 2 ) 2 ^ i S) 

Since h is a given function on the spherical cap, the summands in the last sum can be 
bounded by a constant depending only on n, 5 and a. In order to determine the scaling 
in a, we first note that 

V 2 x G Ss (x,y) = 5sz(x,y) = a~ n Ss^a'^a^y) = a~ n V 2 X G s? (a' 1 x , a' 1 y) , 

and thus 

G S n(x,y) = a- n+2 G s ^(a- l x,a- l y) . 

Using this in (|5.3p . one sees that h scales like o~ n . We conclude that the last sum in (|5.9p 
is scaling invariant, and therefore this sum can be bounded by a constant which depends 
only on the quotient 5 /a. ■ 



hm 7 (y) 2 = 7 (n) 2 < cW'-" ||r/ +1 PSf 



3/->n 

1=0 
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6 The Green's Functions on the Sphere 



In the previous constructions we used the Green's functions on the sphere Sgn and 
C?sn. We shall now compute these Green's functions and estimate the composite ex- 
pressions Ss(x,n) S$(n,x) and G$ — Gs%- 

Under the conformal transformation of S™ \ {n} to Euclidean M n , the Green's func- 
tion Ss% clearly goes over to the Green's function of Euclidean space (|3.4p . Applying 
Lemma 13.51 we thus obtain for the Green's function on 5" in the coordinates of the 
stereographic projection from the north pole the explicit formula 

2 ~ ~ n 2 l— 1 ^ 

Ss ° {x > y) = -^tiv^w w^w) 2 w^w) 2 • (fU) 

In particular, one sees that the Green's function on the sphere is smooth away from the 
diagonal, and that the pole at x = y is integrable. 

In the next lemma we compute the product Sg(x, n)S$(n, x) as well as G$ and H$ 
defined by (|4.4l 15. ip . It is most convenient to work on S™ in the coordinate system obtained 
by stereographic projection from the south pole. The corresponding radial coordinate r 1 
is related to the radial coordinate r in the stereographic projection from the north pole by 

2 

r' = — . (6.2) 

r 

Lemma 6.1 Setting R' = cr 2 /R, the following identities hold inside the spherical cap C , 

(o r n)l-n / 2c r 2 

S 5 (x,n)S s (n,x) = ^ "aT"* 1 (6-3) 

1 71 

1 / 4<r 2 \— f« 2<J 2 1 



Gs{x) = —A^T^ I lfiT7>—i dT (fU) 



1-n 

1 / 4a 2 \~ r° 2a 2 



H s {x) = / — — 2 —^Zi dT ■ (6-5) 

Proof. The identity (|6.3p can be obtained in two ways. Either one computes the prod- 
uct Ss(x,y) Ss(y,x) with S$ in the "north pole chart" (|6.1|) and takes the limit y — > 00. 
Alternatively, one can compute the product S$(x, n) Ss(n,x) in the chart of the stereo- 
graphic projection from the south pole. 

For the rest of the proof we work with the stereographic projection from the south 
pole, which we denote by tt : S 1 ™ — > W\ Using the explicit formulas (|3.4l 16.11 12 . 2|> . we 
obtain 

Gs(y) = / S s (n,x)S s (x,y)dx = / Ss»(n, x) S Ss (x, y) dx 

JSS Jb s (xx) 

1-n 

2<7 2 / 4a 2 \~ 

Sm.n(0,x) S R n( x ,y) dx 

ir(B«(n)) G + M + \y\ J 



4a 2 



1-n 
2 



° 2 + \y\ 2 J A(B,(n)) 



(Vjgtn, x F(x)) Sun(x,y) dx 



with 



R ' 2a 2 



F(x) := / -= s r dr . (6.6) 
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We now integrate by parts. The boundary terms drop out because F vanishes on dB${n) 
(note that the pole at the origin is of order (r') n ~ 2 , and so we do not need to worry about 
boundary terms there). We conclude that 

2 l—n ^ 1 — re 

°s(y) = ( 2 4 _T, l2 ) 2 / F(x)v R nS Rn ( x ,y)dx = 2 Hy), 

\cr 2 + \y\ 2 J J Bg{n) \l + \y\ 2 J 

proving (|6.4p . Hg can be computed similarly, 



H s (y) = / Sss(n,x) Sss(x,y)dx 

JS2\B s (n) 



l-n 

4a 2 \ — 



<? 2 + \y\ 2 J VR«Vr(Ba(n)) 



(V R n )X F(x)) S R n (x, y) dx . 



Now we integrate by parts. Since V Rn!X S R n(x, y) gives a contribution only for x = y 
M. n \n(Bs(n)), only the boundary integrals contribute. The boundary terms on d(n(Bs(n))) 
again drop out because F vanishes there. Thus it remains to consider the boundary terms 
at infinity, 

f Aa 2 f 
H s{y) = o i i 12 , lim / v ■ F{x) S®n{x,y)dx , 

V " +\y\ J L-^OoJ S n-l 

where v- denotes Clifford multiplication with the outer normal. Putting in (|3.4l I6.6|) . we 
obtain (IB31). ■ 



Substituting (|6.4l 16. 5() into (|5.ip . we also obtain an explicit expression for the Green's 
function Gs n , 



l—n 

n u \ 1 f^LJ\~ f°° 2a 1 a 
Gs"(n, x) = — 7, 77 / o t dr . 

This formula shows that Gs%(x,y) is indeed smooth away from the diagonal. 

7 A Weighted L 1 -Estimate of the Deviation Operator 

In this section we first combine the previous results to derive an integral estimate for the 
trace of the spinor operator (Theorem I7.ip . We then introduce the so-called deviation 
operator, which gives us information on how much the spinor operator differs in the 
asymptotic end from the spinor operator in Schwarzschild. Using a positivity argument 
(Lemma I7.3p . we can then prove the main results of this paper: a weighted L 1 -estimate of 
the deviation operator (Theorem I7.5P and a weighted L 2 -estimate of the Witten spinors 
(Theorem I7.6p . 

Let \jl be a function which in the asymptotic end coincides with the norm of the spinor 
operator in Schwarzschild (j3.3f) and vanishes otherwise, 

s) n—1 
1 \~ z 7T=2 



/i : M — > R , /i(x) = Xm\k{x) [^ + ^=2) ■ (7-1) 

In the next Theorem we compute an integral involving the trace of the matrix II — //I. 
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Theorem 7.1 The spinor operator on M satisfies the following identity, 

[ Tr (n(i) - n{x) 1) X(x) dx = (2a 2 )"- 1 lim Tr My)) + Na , (7.2) 

with 7 according to A5.2\) . and where a is given by explicit integrals in Euclidean space, 



I "TTT12 d n x- [ (l + "~ 2 X(^\x)) d n x . (7.3) 

Jb r (o)0- 2 + \x\ 2 Jb r (o)\bjo)\ \x\ n 2 J 



a 

? (0) a* + \xr JB R (0)\B p (0) 



Here d n x is the Lebesgue measure in M. n , and X is to be chosen as in Lemma\2. 

We point out that the parameters 7 and a clearly depend on the conformal compacti- 
fication, but they are (for a given function A) independent of R. This is obvious for 7 
because its definition (|5.2p involves only the Green's functions on M and S 1 ". For the 
parameter a it follows from the fact that for r > R, A is given by (12. 4j) . so that the second 
integrand in (|7.3p reduces to the first. Hence the integrals in (|T.3|) remain unchanged if R 
is increased. 

Proof of Theorem 7. 1 . Using Definition 13.31 and Theorem 13.61 we get 

/ Tr (IL(x) - n(x) 1) X(x) dx = [ Ti (ll(x) - fi(x) X 1 ' 11 (x)l) dx 
Jm Jm ^ ' 



= 1 Tr (ul_ x 
Jm v 




S M (x,n) S M (n 


x) 


- n{x) A 1 


= o^. 1 (2o a r 


7- t -( 

Jm x 


S M (n, x) §m(x 


n) 


- S s (n,x) 


+ / Tr {col 
Jm 


-1 (2° 2 r 


~ l S 5 (x,n) S s (n, 


x) 


- n{x) X 1 - 



According to (JMEU) and (I631I6T2D . 

w 2 _ x (2a 2 )™- 1 S 5 (x,n) S 5 (n,x) - n(x) A 1 ~ n (x) = on C , 

and thus the last integral reduces to an integral over the annular region M \ (K U C). 
Furthermore, we can apply Theorem 14.11 as well as (|5.1| I5.2j) to obtain 

f Tr (IL(x) - n(x) 1) X(x) dx = u? n __ x (2a 2 )™" 1 lim Tr ( 7 (y)) 
Jm 

+w 2 _ 1 (2a 2 )"- 1 Tr(# 5 (n)) - I Tr (fj,(x) X(x) 1) dx . 

Jm\(kuc) 

The last two terms can be computed explicitly with (|6.5p and (|2.ip . 

/•oo 9 2 

, ,2 Co„2\n-l rr /„\ , , ^.2(n-l) / zo 

Jr' ct 2 + t 2 



Wft_i / 5 : 2 r" L dr = 2 1 1 12 d x 



M (x)A(x)^ = / fl + ^ZoV 2 A(^ _1 (x))cTx 

IM\(KUC) Jb r (0)\B p (0) V Fl / 
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We now analyze the integral in (|7.2p in more detail, with the aim of getting a connection 
to an Z^-norm. Inside the compact set K, the function A vanishes. Thus according to 
Definition 13.21 for every spinor ift G T, x , 



N 



(i/f, (n(x) - n(x) i) = (^,n(x)v) = ^|(^(x),V)l 2 > o. (7.4) 

Hence the matrix II — //I is positive, and we can control the sup-norm by the trace, 

\\IL(x) -fx(x) 1 1| < Tr(n(x) -/i(x) 1) for all x G if. (7.5) 

In the asymptotic end, where [i > 0, we cannot expect that the operator II — fil is still 
positive. Nevertheless, the next lemma shows that the integral over the trace is indeed 
positive and can be identified with the trace of a positive operator, which we call deviation 
operator. 

Definition 7.2 Working in the asymptotic end in the chart ((ft, M\K), we introduce for 
every solution ifti of the boundary value problem $3. £]) the Witten deviation Sifti by 



«— i 

I \ n ~ 2 



For every x G M \ K , the deviation operator <5I1 is defined by 

N 



5H(x) : Z x ->■ E x : ip y^Sift^x) , ift) 5iftj(x) . 



1=1 



Thus the deviation operator is defined similar to the spinor operator; one only replaces the 
Witten spinors by the corresponding Witten deviations. Repeating the argument in (|7.4p . 
one sees that the deviation operator is also positive. 



Lemma 7.3 



/ Tr (n(x) - fj,(x) 1) X(x) dx = / Tr (511) X(x) dx 
Jm\k Jm\k 



Proof. We work in the chart ((ft, M \ K) and choose in <ft(M \ K) = R n \ B p (0) polar 
coordinates (r, uj) with w G S n . According to the behavior of the Dirac operator under 
conformal transformations (|3.ip . every Witten spinor ip can be written in the form 



n-1 



with ^ a harmonic spinor on W 1 \ B p (0) endowed with the Euclidean metric. We now 
expand \& in partial waves, 



oo ^ 



i=i 
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where I are the angular quantum numbers, and the (u>) are linear combinations of the 
corresponding spin-weighted spherical harmonics. From the smoothness of ip and the 

asymptotics at infinity, it is clear that the sum converges in I? I R n \ B p (0) I . Conse- 
quently, the Witten spinors and the Witten deviations have the following partial wave 



expansions, 

n-1 



n— 1 



Z=l 

Using that the spin-weighted spherical harmonics for different / are orthogonal on L 2 (5 n_1 ) 
a short calculation shows that for all r > R, 



f 



Tr (U(x) - n(x) 1) (r, u) du = / Tr (5IL) (r, cj) da; . 



Combining Theorem 17.11 with the above lemma, we immediately obtain the following 
identity for the weighted L 1 -norm of the spinor operator and the deviation operator. 

Corollary 7.4 The spinor operator on M satisfies the following identity, 

[ Tr(lT(x)) dx + [ Tr(<5II(x)) X(x) dx = Ji_ x (2a 2 ) n ~ 1 lim Tr ( 7 (y)) + Na , 

Jk Jm\k " y-* n 

where 7 and a are given by \5.2i) . and \7.3\ ). 

Putting in the estimate of Corollary 15.21 gives the following result. 
Theorem 7.5 There is a constant c depending only on the dimension such that 

[ ||n(s)||<fc+ / ||an(s)||A(s)«fe < c + ir , (7.6) 

Jk Jm\k cr z ml spec(D z ) 

where A is to be chosen according to Lemma \2. 21 

Proof. According to Lemma 17.31 and the positivity of n(x) and 5Yl(x), we know that 

/ \\U(x)\\dx+ / \\5U(x)\\ X(x) dx < / Tr (n(z) - fi(x) 1) A(x) dx . 
Jk Jm\k Jm 

We now apply Theorem 17.11 Corollary 15.21 and use that, according to (|2.5p . a scales like 
the radius p. Furthermore, it is obvious from (|7.3l I2.5P that a scales like p n . This gives 
the estimate 

\Tl(x)\\dx + [ \\5U(x)\\ X(x) dx < C{P + + c(p + l)». 

Ik Jm\k o mi spec(P z J 

We finally show that the second term on the right can be bounded by the first. To this 
end, we need to bound the lowest eigenvalue of T> 2 from above: We choose a smooth wave 
function ip which is supported in the spherical cap and consider its Rayleigh quotient, 



mfspecP 2 < . . — < — 

(V',Wl2(m) & 
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From this theorem one obtains weighted L 2 -estimates for all Witten spinors. 

Corollary 7.6 There is a constant c depending only on the dimension such that every 
Witten spinor ip satisfies the weighted 1? -estimate 



[ U(x)\\ 2 dx + f \\5iP(x)f \(x) dx < c . 
Jk J m\k o mi spec (TJ Z ) 



with X according to Lemma \2.2\ 



Proof. We choose a basis of Witten spinors ipi, . . . ,ijj n such that ipi = ip. Then for 
all <fi £ S x , 

N 

(0,n(x)0) = ^|(^(x),<A}| 2 > \(i>(x),<p)\ 2 . 
i=i 

Taking the supremum over all unit spinors <f>, we conclude that ||?/>(x)|| 2 < ||n(x)||. In the 
same way, one sees that H^^)!! 2 < ||5n(x)||. ■ 

Theorem 11.11 and Theorem 11.21 are a special case of Corollary 17.61 and Corollary 17.41 re- 
spectively. 
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